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Q_a^ Abstract. Using Buchberger-Shirshov Algorithm and Composition-Diamond 

lemma we obtain the reduced Grobner-Shirshov bases of A„ and classify all 
',— i reduced words of the affine Weyl group A n . 

C^\ 1. Introduction 

i— i Grobner-Shirshov bases and normal form of the elements were already found for 

Q-< the Coxeter groups of type A n , B n and D n in pQ. They also proposed a conjecture 

for the general form of Grobner-Shirshov bases for all Coxeter groups. In [7J, an 
example was given an to show that the conjecture is not true in general. The 
Grobner-Shirshov bases of the other finite Coxeter groups are given in [5] and [13] • 
This paper is another example of finding Grobner-Shirshov bases for groups, defined 
by generators and defining relations. 

We first cite some concepts and results from the literature which are related to 
the Grobner-Shirshov bases for the associative algebras. ( see [5J |3J [T2] ) 

Suppose S is a linearly ordered set and k is a field. Let k(S) be the free associative 
algebra over k generated by S and S* be the free monoid generated by S where 
empty word is the identity which is denoted by 1. 

Let S* be equipped with a monomial ordering <. It means that < is a well 
ordering that agrees with left and right multiplications by words: 

m 

^^ u > v =>■ W1UW2 > W1VW2, for all toi, 102 G S*. 



A standard example of monomial ordering on S* is deg-lex ordering which first 
compare two words by length and then comparing them lexicographically where S 
is a well-ordered set. 

Let / = af + J2 a i u i G k(S), where a, a, € k, f e S* and Ui < f for each i. 
Then we call / the leading word and / monic if / has coefficient 1. For a word 
uj£S',we denote the length of w by \w\. 

Definition 1. For two monic polynomial / and g in k(S) and a word w, their 
composition defined by 



(f,g)w = 



f — agb, if w = f = agb 

fb - ag, if w = fb = tig, \J\ + \g\ > \w\ 
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The word w is called the ambiguity of / and g. The first type of composition 
is called the composition of including g in /, and the second type is called the 
composition of intersection of / and g. The transformation / n- / — agb is called 
the elimination of leading word (ELW) of g in f. Let R C k(S) be a monic set. The 
composition {f,g) w is called reduced to r relative to R if {f,g) w = X) a i a i r i^i + r 
where every a, G fe, a,, 6; G S 1 *, r^ G -R with aiflbi < w and the composition (f,g) w 
is called trivial relative to i? if r = 0. 

The set i? c k(S) is called Grobner-Shirshov bases if any composition of poly- 
nomials from R is trivial relative to R. 

The following lemma was first proved by Shirshov [T3] for Lie algebras presented 
by generators and defining relations. He called it the composition lemma. Simi- 
lar lemma for free associative algebras was formulated later by Bokut [1] and by 
Bergman [3] under the name "Diamond lemma" after celebrated Newman's Dia- 
mond lemma [5] for graphs. This kind of lemmas are now named as composition- 
diamond lemmas. We will use Bokut's version of this lemma for free associative 
algebras. Similar ideas were independently discovered by Hironaka [10 for power 
series algebras and by Buchberger [5j |6] for polynomial algebras. 

Lemma 2. (Composition-Diamond Lemma for associative algebras) 

Let k be a field, A = k(S\R) = k(S)/Id(R) and < a monomial ordering on S* , 
where Id(R) is the ideal of k(S) generated by R. Then the following statements are 
equivalent: 

(i) R is a Grobner-Shirshov basis. 

(ii) f G Id(R) => f = asb for some s G R and a, b € S* . 

(Hi) The set of R-reduced words 

Red(R) = {weS>^ asb, a,b G S*,s G R} 
is a k-linear basis for the algebra A = k(S\R). 

For commutative polynomials, this lemma is known as Buchberger's Theorem 
for the Grobner basis (see H] ) . 

If R C k(S) is not a Grobner-Shirshov basis, then we reduce every nontriv- 
ial compositions to a polynomial relative to R and add this polynomial to the 
R. Having repeated this procedure (possibly infinitely many times) we obtain a 
Grobner-Shirshov basis R com P. The process is called the Buchberger-Shirshov al- 
gorithm. 

If the set R consists of semigroup relations (i.e. u — v, where u,v G S*), then 
each nontrivial composition of polynomials from R has the same semigroup form. 
Hence, R com P consists of semigroup relations too. 

Let A = smg(S\R) be a semigroup presentation. Then R c k{S) and we can 
obtain the Grobner-Shirshov bases R com P. The set R com P does not depend on the 
field k and consists of semigroup relations. We will call R com P the Grobner-Shirshov 
bases for the semigroup A. 

The main purpose of this paper is to find a Grobner-Shirshov basis and classify all 
reduced words for the affine Weyl group A n . The strategy for solving the problem 
is as follows: Let R be the set of polynomials of the defining relations of A n . Using 
Buchberger-Shirshov algorithm we obtain new set R' of polynomials including R. 
Then, by using the algorithm of elimination of leading words with respect to the 
polynomials in R' , all the words in the group A n are reduced to the explicit classes 
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of words. After that, we compute the number of the reduced words with respect to 
these classes by means of a generating function. This generating function turns out 
the be same with the well known Poincare polynomial of the affine Weyl group A n . 
Therefore, by the Composition-Diamond Lemma the functions in R' form Grobner- 
Shirshov basis for the affine Weyl group A n . Furthermore, one can easily see that 
this basis is in fact a reduced Grobner-Shirshov basis. 

The results of this paper were obtained during M.Sc studies of Ugur Ustaoglu 
at Abant Izzet Baysal University and are also contained in his thesis [14]. 

2. Grobner-Shirshov Basis and Reduced Words 

Definition 3. The affine Weyl group A n has a presentation with generators S — 
{r , r i, . . . , r n } and defining relations 

riTi = 1 < i < n 

riTj = TjTi < i < j — 1 < n and (i,j) ^ (0, n) 

nn +1 n = r i+ irir. l+1 < i < n - 1 

ror n r = r n r r n . 



Identifying each relation u = v by a polynomial u — v, we define 



i) 



1 0< i < n 



1 

r(0 



fy hJJ — TiTj — TjTi < i < j — 1 < n and (i,j) ^ (0, n) 



U = nri+iU - r i+ ir t ri + i < i < n 

U = r or n ra - r n r Q r n 
Let us define 



= < 



nn + i . 


.r j: 


i < j; 




nn-i . 


■rj, 


i > j; 




n, 




i = .i; 




i, 




i= l,j = 


= 0; 


i, 




i = n,j - 


= n 



1. 



Lemma 4. Let R = {/i, fa, fa, f^}. A Grobner-Shirshov Basis of A n with respect 
to deglex order with r$ > r\ > • • • > r n contains the following polynomials. 
9i = rijn - r i+1 r i:j < i < j - 1 < n with (i,j) ^ (0, n) 



92 = r 0n r r n - rir 0n r 

9 3 = r Q r nk rj - r r o r nk 



91 



U) 



(h 



(fc) 



- r r nk r Q - r n r r nk 



2<j<k-l<n 
2 < j < n 

2 < k < n 



<h 



(k,l) 



fh 



(k,l) 



ror nk riiroi - r n r r nk r u r 0t i_ 1 
ror nk rur r nk - rir r nk rur r n , k+ i 



(k,l) 
9s = 

(j,k,l) 
99 



ror n krur r n ^ k _ 1 - rir r nfe riir r nfe 

= r r nk rur r nj ru - r n r r nk rur r nj ri^i 
2<k<n-l, k + l<j<n, l<l<j 

9w k = ror„A;ri(r r ni r u+1 - r n rQr nk r u r$r ni r u 

2<k<n, k<j<n, j-l<l<n-l 



\<l < n, 2<k<n 
1 <l <k-l <n 
3 < k < n, k-KKn 
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Proof. Let R = {/i,/2, fa,fi}- We apply the Buchberger-Shirshov algorithm to 
the R. We show every ELW in the below computations except ELWs of fiihj), 
the cummutativity relations. Notice that at this point we are not claiming that 
this is a Grobner-Shirshov basis for A n . 

uf,ir +2) )= 5 i M+2) . 



( 9 r- 1) ,h)=92. 




\J2 ill I — t/3 




(5 p + l) ;/ p ))=5 p) for k = n _ 


- 1 


(rirvr 11 - 





3 + 2- 



(.9p +2) ,#)=9f for j = n-2,...,2. 

(ujt i - l) )=9 ( r l) - 

{ 9 f +1 \fi m )=9 ( i ) for k = n-2,...,2. 

(/4,/i 0) )=^' 1} 

(ff? ) ,/i° ) )-^ 1) for k = n-l,...,2. 

(9t- 1 \ft 1) )=9i k ' l) for I = 2,...,*- 1. 

^-f(O) _f \ (n,l) 

(/3 ,Ji) = TQr n r x rQr n - y-ir r„rir = g) '. 
{9f' l \h)=9?' l) for l = 2,...,k-2. 

, + 1,2) (fe+l,fe)N 

(fc,0 (fc,fc+2) f 7 o o 

= 37 - rir r ni k+irugl 'r k+ i for fe = n - 2, . . . , 3. 



/ (n.l) (n.n— 1) \ 

{97 ' ,93 ) = r r n rur n r r n , n -i - rir r n rur r n ^ n -ir n 

(n-1,0 ,(0,n-l) i , -, 

= g 7 — riror n riiJ2 r n for k = n-l. 



(.97 ,9a ) = r r nk ri t k-ir r ni k-i - riror„ fe ri ife _ 2 r r„ )fe+ ir fc _ir fe 

(fc.fc-1) (fe-l,fe+l) r 7 10 

= 38 riror nfc ri )fe _203 r « for fc = n - 1, . . . , 3. 

/ (n.n — 2) fn— 1) \ 

(37 ,34 ) = r r n ri tn -ir r n , n -i - rir r n ri,n-2rorn-irn 

(n.n— 1) r(0,n— 1) c 7 

= 3s riror n ri,„_2j 2 »"n for « = n. 

/ (n— 1)\ j.(n — 1) j(0,n— 1) j.(n — 1) (n.n) 

(32,34 )='"o,n-2/3 r r„r„_i-rir „/ 2 v V„-rir ,„_ 2 /^ V r„+^ 

/ (fc+1,0 (fe-i)\ (fc-1,0 (fc-i,fe+i) 

(3s '54 ) = r o?Vfc+i7'i,fc-23i r r nt k-i - nror^k+irug^ 'r k 

(fe-i,0 , (fc,0 r- 7 ; 

- riror„ ife+ iri ife _23i r r n}k +irk + 3g for I = k,...,n. 

(g { 6 k ' 1 \ti' n) ) = gi k > n ' 1) . 
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(gi k ' j+1 ' 1) ,ti 1 ' i) ) = gi k ' j ' l) for j = n-i,...,k + i. 

(% ' 3 ' ~ , H ) = rornkrij-irornjrij-znri-iri - r n r r„ fe ri ! i_iror n jri ) ;_ 2 nn_i 
= $ d ' l) for l=2,...,j-2. 



i (fej'+ij'-i) f(i-i)\ 

-7- n r r„ fe r lj _ 1 r r„ J+1 r lj _ 2 r i r : ,_ 1 
= ff (fcjj-i) for j = n _ !,...,£. 



/ (k,n— 1) /.(n — l)s 

(fc.n.n— 1} 

- r„r r n jfcri, n _iror„ri )n _i = g 10 



/ (k,j,l-l) r(l)\ 

-r n r r nk r 1 j_ 1 r r nj r li t_iriri +1 ri 

=r r nk r ltl _ 1 g% } r l _ 1 jr 1 j +1 - r n r a r nk r 1 j_ 1 g^'r l _ 1 ^r ll 
+ 3J0 for / = j-l,...,n-l. 

In the above equation if / = j, then rj_i ,■ assumed to be the identity 1. 



□ 



Let R' — RU {gi, . . . , <?io}- We want to find the properties of the elements of the 
set Red{R') = {w £ S*\w ^ afb,a,b £ S* J £ i?'}. If iu e Red{R'), then we call it 
a reduced word. 

Notice that elements of R' not containing r Q is in fact a Grobner-Shirshov basis 
for the Coxeter group A n . The following lemma is just another way of expressing 
of the Lemma 3.2 of pQ. 

Lemma 5. Any reduced word not containing r is in the form 

where i < ji < n and on £ {0, 1}. 

After investigation of leading words of the elements of G' , we can claim the 
following results. For convenience we write ror n ^ n+ iru instead of roi and ror nk riQ 
instead of ror nk - 

Lemma 6. The following words are reduced, 
(i) w = ror n kru 2 < k < n + I, < I < n 
(ii) 

(k <p) A(l> q), if q-p<l-k<-l 
{rornkru){r r np r lq ) = { (k < p) A (I > q), if (q - p < -1) A (I - k > -I) 

(k<p)A(l>q), ifl-k>q-p>-l 
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Lemma 7. Let w be a reduced word starting with r^ for i = 1, . . . , n and Zei t be a 
reduced word starting with r . Then wt is also a reduced word. 

Proof. The results follows from the following observation. Any leading word start- 
ing with n for i = 1, . . . , n in G do not contains tq. □ 

Lemma 8. Let w\, W2, ■ ■ ■ w k , Wk+i be reduced words in the one of the forms given 
in the first three items of Lemma^h If w\W2 ■ ■ ■ u>k and W2W3 . . . Wk+i are reduced, 
then W\W2 ■ ■ ■ wu+i is also reduced. 

Proof. Let w — W1W2 ■ ■ ■ Wk+i- The only possible reduced subword of w is in the 
form rw2U>3 . . . WkS where r and s are subwords of w\ and w k +x, respectively. Since 
W2W3 . . . w k w k+ \ is reduced word, W2W3 . . . w k s is also reduced word starting with 
ro. Since r is a subword of wi, r is also a reduced word not containing ro- By 
Lemma [71 rw2W3 . . .WkS is also reduced. Hence W1W2 ■ ■ ■ w k+ \ must be a reduced 
word. □ 

Definition 9. Let a% — r^r nk ru for 2 < k < n + 1, < I < n and I — k = i — 2. 

Let 

u = (a„) ro "(a n _ 1 r«- 1 ...(ai) mi 
where nii > for i — l,...,n. Furthermore, if a, = ror nk ru, then a.; + i = 
fofn^+ifil or a,i-i = ror n kri t i-i. Notice that the number of possible u's is 2™ _1 . 
We call Oj's the components of the word u. 

Definition 10. Let bt = ror np ri q for 2 < p < n + 1 and < q < n satisfying 
q —p < — 1. There are n! such words. 
Let 

«( 6 *> = 6 t (6 t _ 1 )°*- l .»(6 a )°" 

where a, € {0,1}. Furthermore, if 6j = ror np .ri qi , then 6j_i = r^r nViA r\ qi ^ for 
Pi < pj_i and qi > %_i. If j?j = n + 1 or a.; = 0, then ay = for j = s, . . . , i — 1. 
For the convenience, we define 1 = ror n ,oo^i,-i and v(l) = 1. 

Proposition 11. Lei m and i/ 6 *) fee words defined above where a± — r^r nk ru and 
bt = "ror nv ri q . Then the words u, ty**' and w = hw' '' are reduced if p > k and 
q < I in w. 

Proof. The result is easily follows from Lemma [6] and Lemma [51 D 

Figure 1.1 shows every possible reduced words for n = 4. 
Let 

wt = (ror4 2 r 1 4) mi (ror42ri3) m2 (^^3^i3) m3 (r r 4 r 1 3) m4 roi 
and 

w 2 = (ror42ri4) mi (^r43r-i4) m2 (r-or4r 14 ) m3 (ror 4 r 13 ) m4 roi. 

Then wi and W2 are two reduced words in A±. If we take 77x2 = TO3 = and 
mi = m 4 = 1, then the subword (r r 427*14) {r^r 4X13)^1 is written twice. To avoid 
this situation, we define the arranged words. 

Definition 12. Let w = to' 1 '' be a reduced word where bt — ror np ri q and 

For i = 2, ...,n- 1 , let m* > 1 if a i+1 = r r nk r ltl+1) a t = r r nk r u and 
a-i-i = r r n , k+1 ru. If a 2 = r r nk r 1J+1 ,ai = r r nk r u and p > k, then let m x > 1. 
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r a r i2 riA 




roT^r i s- r r4, 2 



Figure 1. 1 



Then w is called an arranged word and the components a, where m; > 1 are called 
a marked component of w. 



Theorem 13. If all reduced words w 
written uniquely. 



= uv^ bt ' are arranged, then each subword is 
>( bt > be two arranged word. Since the only 



Proof. Let w\ = Uiir* *' and W2 = U2V y 
possibility for a n — ror n 2ri n , the first components of them are the same. Let us 
assume that a n ,a n _i, . . . , Oj are common in w\ and w<2- If the exponents of a.; 
for i = j, . . . ,n were 1 and the others were in both w\ and W2 , then the word 



Q j nQ>n— 1 



would be written twice. 



Let us assume aj = r^rnkru. Moreover, let ttj_i = ror n ^+iru in w\ and 
dj—i = rQr n kr\ y i-\ in w^- Then there exits s > I — 1 the components of u>2 between 
j — 1 and s + 1 are 

(7'o»"nfc7'i,;-i)(7o7'nfcr U -2) • • ■ (r r nfc r ls ) (r r n>fc+1 r ls ) 

when s — k > — 1. If s — fc = — 1, we have 

(n)?-„A : ri,;_i)(ror„ fc ri ! ;_2) ' ' ■ ('"oT - nfcri s )(r r„pri g ) 

Therefore ror„fcri s is a marked component in the first case. By Definition [91 
fo^nkfu can not be a component of w\. The component of w\ in the same position 
can be ror -^r \j where k > k and s < s. Since b t is common in both words, 
p > k > k. Therefore ror n kr\ s is also a marked component in the second case. Hence 
the word (a„)a„_i • • • (a,j) can be written only in w\ not in W2- 

a 

3. Counting Reduced Words 

Theorem 14. Let w = a is ai sl . . . o^v'*' where a.^. = ror„fe r n i-.Then ai's are 
marked components of an arranged word w = uv^ bt > where bt = r§r nv r\ q if and only 
if k s < fc s _i < . . . < k\ < p and q < l\ < I2 < ■ ■ ■ < l s < n 
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Proof. By construction of arranged words, the marked components satisfy the given 
conditions. Conversely, if w = a,i s (ii a _ x ■ ■ .a^v^' is a word satisfying the condi- 
tions, then an arranged word (w = uv^ bt ') whose marked components are a^.'s can 
be obtained as follows: 

The components up to ror n k s Tu s are 

(r r n2 ri n ) ■ ■ ■ {r r nks r ln ){r G r nks ri^^i) ■ ■ • {r r n k s ru s ), 
the components between (r r nkj ru.) and (roT^^ru^) are 

(rornk^rilj) ' • • {ror n k^ l r ll] ){ri3r nk] _ 1 r 1 ^^ 1 ) ■ ■ ■ {r li r n k ] _ 1 rii ] _ 1 ) 
and the last part of the wordw = uv^ bt ' is 

(r r nk2 ru 2 ) • ■ ■ (ror n k irila )( r ornkiri,i 2 -i) • • • (r r nkl r lh )(v ( - bt ' > ). 

D 

Therefore the number of the elements in an arranged word w = uv^ b *> given by 
the generating function 

x a 



(1 - x 2n )(l - x 2n - r ) ■••(1- x n+l ) 

where a is the length of the word w. In order to count all reduced words starting 
with r we have to find the number words w whose length is a for any power a. 
To do this, we will find a correspondence between these words and some special 
partitions of integers. 

If to is a positive integer, then a partition of to is a nonincreasing sequence of 
positive integers Pi,P2, ■ ■ ■ ,Pk whose sum is to. Each pi is called a part of the 
partition. Let n be a positive integer. Any partition to = d\ + d<i + • • • + d/. where 
k < n can be identify by the n— tuple (di, d%, . . . , dk, 0, 0, . . . , 0). 

We can also represent each word ror n kTn with the n-tuple (k, 1, . . . , 1, 0, . . . , 0), 
r n k with (k, . . . , 0) and r$i with (1, 1 . . . , 1, 0, . . . , 0) where number one l's is equal 
to Hat 2 < k < n - 1, 1 < I < n. 

Definition 15. Let n be a positive integer. The n-tuples (k, 1 . . . , 1, 0, . . . , 0) where 
number of l's is I for 1 < k < n, 1 < I < n — 1 are called basic partitions. The 
basic partition (fc 1; 1 . . . , 1, . . . , 0) is said to be connected to the basic partition 
(fe, 1, . . . , 1, 0, . . . , 0) if k\ > &2 and the number of l's in the first one is greater 
than number of l's in the second one. Hence a sequence of connected partition 



a\, a,2, ■ ■ ■ , a m corresponds to a word w given in Theorem 14 

Theorem 16. There is one to one correspondence between words w and the par- 
titions in which there are at most n parts and in which no parts is larger than 

n. 

Proof. Since we identify each word w with a sequence of connected basic partitions, 
we must find a correspondence between sequences of connected partitions and the 
partitions fit into a box of size nx n. Let a% , 02, • . . , a m be a sequence of connected 
partitions where Oj = (fcj, 1, . . . , 1 0, . . . , 0). Hence ki > kj and h > lj for 1 < i < 



j < Tn. 
Define 



0a, = x;<r«- i (c 
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where <r(pi,P2, ■ ■ ■ ,p n -i,p„) = {p n ,Pi,P2, ■ ■ ■ ,Pn-i)- Then 

m 

a,i = (fcx, fc 2 +l, • • • , fc m +m-l, 

j=i 

We prove the last equation by induction on m. 
Let to = 2, Since l\ — 1 > Z 2 , 

ai (Ba 2 = (h, l,...,l,0,...,0) + (0,fc 2 , 1,...,1,0,...,0) 

= (fc 1; fc 2 + l,2,...,2,l,...,l,0,...,0) 

Let us assume that 

m—l 

a 4 = (fci, fa + 1, • • • , fc TO -i + m - 2, m- 1, ■ ■ . , m - 1 , . . . , 1, . . . , 1,0, . . . ,0). 

1=1 'm-l !i-(( 2 +l) 



a, = x;^- 1 ^) 

m—l 

Xy- 1 (a i ) + a m - 1 (o r . 



m—l 



i=l 
m—l 



= 0a i +a m - 1 (a m ) 

»=i 
= (fci, fc 2 + 1, . . . , £; r „_i + m — 2, m — 1, . . . , m — 1, . . . , 1, . . . , 1,0, . . . ,0) 

'm-l 'l 

+ (0,0,...,0,fc ro , 1,...,1,0,...,0) 

m-l ! m 

= (fci,fc 2 + l,...,k m + m- 1, m,...,m, ..., 1, . . . , 1,0, . . . ,0) 

"m ll-(<2 + l) 

The last equality easily follows from the fact l m -\ — 1 _! ?m- Since n > k\ > 
fc 2 + 1 > • • • > fc m + (m — 1) > m, the last line corresponds to a partition of In fits 
into anbyn box. 

Conversely let to = (mi, m 2 , . . . , to„) be a partition where n > m,\ > to 2 > • • • > 
to„ > 0. If ii is the last index such that to^ 7^ 0, then let a\ = (mi, 1, . . . , 1, 0, . . . 0) 
where the last 1 in ii-th position. Then let 

x = a~ l (m- 01) = (to 2 — 1, .. . ,m, 1 - 1,0, ... ,0) 

and a 2 = (to 2 — 1, . . . , 1, 0, . . . , 0) where the position of the last nonzero element in 
x and the position of last 1 in a 2 are same. Clearly, ai and a 2 are basic partitions 
and Oi is connected to a 2 . Continuing the process until reaching the (0, . . . , 0), one 
can obtain a sequence of connected basic partitions. □ 
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Definition 17. Let be positive integers. The q-binomial is defined by 
m \ (1 - q m )(l - q™- 1 ) ■••(!- q m ~ r + 1 ) 



(l- q )(l-<?)...(l-<f) 

Although the formula in the first clause appears to involve a rational function, it 
actually designates a polynomial, because the division is exact in Z[g]. A standard 
combinatorial interpretation for q-binomial is that it counts the number of parti- 
tions that will fit into a box of size kx (n—k), weighted by the size of the partition. 
In particular the q-binomial 

2n \ (1 - x 2n )(l - x 2n - r ) •••(!- x n+1 ) 



n J x (l-x)(l-x 2 )---(l-x n ) 

counts the number of partitions in which there are at most n parts and in which 
no parts is larger than n. 

Now, we can proof the main result of this paper. 

Theorem 18. Then the reduced Grobner-Shirshov basis of the affine Weyl group 
A n is the set G' . Moreover all the reduced words are the form rw where r is a 
reduced word not including r$ and w is a arranged word. 

The reduced words not including r is given in Lemma [5j It is easy to see that 
the number of such words given by the generating function 

(1 + x)(l + x + x 2 ) ■ ■ ■ (1 + x H h x n ). 

Theorem [Ml and Theorem [16] imply that the number of arranged words given by 
the generating function 



2» 
n 



(l-x 2n )(l-x 2 "- 1 )---(l-x 7 '+ 1 ) 

(l-x)(l-x 2 )---(l-x™) 



(1 - x 2n )(l - X 2 ™" 1 ) •••(!- x n + l ) (1 - x 2n )(l - x 2n - 1 ) •••(!- a;'^ 1 ) 



(l-a;)(l-x 2 )---(l-a; n )' 

By Lemma M the reduced words of A n are in the form rw. Hence the number 
of reduced words given by the generating function 

(1 + x){\ + x + x 2 ) ■ ■ ■ (1 + x + ■ ■ ■ + a;") 
(1 - x)(l - x 2 ) ■ ■ ■ (1 - x n ) 

which is well known Poincare polynomial of the affine Weyl group A n . (see |llj). 
Therefore these are all reduced words of A n . Hence by Composition-Diamond 
Lemma, G' is a Grobner-Shirshov basis of A n . In fact, G' is a reduced Grobner- 
Shirshov basis. 
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